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1 Introduction

Concave compositions were recently introduced by Andrews[3] in the study of orthogonal polynomials,
see also Andrews [4]. A concave composition of even length 2m, is a sum of the form

∑
ai +

∑
bi such

that
a1 > a2 > · · · > am = bm < bm−1 < · · · < b1,

where am ≥ 0, and all ai and bi are integers. Let CE(n) denote the set of concave compositions of even
length that sum to n, and ce(n) be the cardinality of CE(n). By an analytic tool, Andrews derived the
generating function of ce(n) as follows.

Theorem 1.1 (Andrews [3], Theorem 1) For |q| < 1,

∞∑
n=0

ce(n)qn =
1−∑∞

n=1 qn(3n−1)/2(1− qn)∏∞
i=1(1− qi)

. (1.1)

Andrews [3] asked for a combinatorial proof of Theorem 1.1. The main aim of this note is to give
such a proof. Recall that Andrews’ proof of Theorem 1.1 was based on the following two identities:

1 +
∞∑

n=1

ce(n)qn + 2
∞∑

n=1

qn2

(q)n(q)n−1(1− q2n)
=

2
(q)∞

, (1.2)

1 + 2
∞∑

n=1

qn2

(q)n(q)n−1(1− q2n)
=

1
(q)∞

(
1 +

∞∑
n=1

qn(3n−1)/2(1− qn)

)
, (1.3)

where
(q)n = (1− q)(1− q2) · · · (1− qn), and (q)∞ = (1− q)(1− q2)(1− q3) · · · .

Clearly, Theorem 1.1 is a consequence of the above two identities. We shall give a combinatorial proof of
Theorem 1.1 by interpreting bijectively (1.2) and (1.3).

1The project is supported partially by CNNSF (No.10971106).
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To prove (1.2), we give a map that transforms concave compositions to partitions. Then, we consider
the structure of the corresponding partitions. The Durfee squares in partitions play an important role in
our argument.

To provide a combinatorial interpretation for (1.3), we show that the proof of (1.3) is equivalent to
the proof of the following identity:

∞∑
n=1

qn2
(qn+1)∞

(q)n−1(1 + qn)
=

∞∑
n=1

(−1)n−1q
n(n+1)

2

(1 + q) · · · (1 + qn)
. (1.4)

We find an involution to complete the proof of (1.4).
The involution in our proof of (1.4) can be modified to to prove another theorem, Theorem 1.2 of

present paper due to Andrews. This serves as a response to Andrews’ question on finding a combinatorial
interpretation of the theorem just mentioned.

Theorem 1.2 (Andrews [3], Theorem 4) The number of partitons of n whose Frobenius symbol has no
0 on the top row equals the number of partitions of n in which the smallest number that is not a summand
is odd.

This paper is organized as follows. In Section 2, we provide the combinatorial proofs of (1.2) and
(1.4). In Section 3, we apply the involution developed in Section 2 to give a combinatorial interpretation
for Theorem 1.2.

2 Combinatorial proofs of (1.2) and (1.4)

We begin by recalling some definitions(see Andrews [1]). A partition of a positive integer n is a finite
nonincreasing sequence of positive integers (λ1, · · · , λr) such that

∑r
i=1 λi = n. The λi are called the

parts of the partition. We can represent a partition as its Young diagram, that is, a pattern of left-justified
boxes with λi squares in row i. The square in the ith row and the jth column can be written simply as
the square (i, j). The Durfee square in λ is the largest square of boxes contained in the partition λ. The
conjugate of λ = (λ1, · · · , λr) is a partition λ′ such that its ith part λ′i equals the number of parts of λ
that are ≥ i.

Now we come to the proof of formula (1.2).

Proof of (1.2). We will complete the proof in the following three steps.
Step 1. Construct a map from concave compositions to partitions.

We will define a map φ from concave compositions that sum to n to partitions of n. The map φ is
not bijective. However, we will distinguish the repetitions.

For a concave composition C :

a1 > a2 > · · · > am = bm < bm−1 < · · · < b1,

the partition φ(C) will be constructed as follows. The first row has a1 squares. Then draw b1 squares
under the square (1, 1). Begin with the position (2, 2), and put a2 squares in the second row. Similarly,
we put b2 squares under the position (2, 2). Continue in this fashion, we get the desired partition. For
example, if the concave composition is C : 3 > 2 > 0 = 0 < 1 < 2, we have φ(C) = (3, 3, 2) as illustrated
in Figure 1.

We continue to analyze the image of φ. Given a concave composition C ∈ CE(n), when there are
empty parts in the concave compositions and the penultimate parts of two partitions am−1 and bm−1 are
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3 > 2 > 0 = 0 < 1 < 2 -

Figure 1: The map φ

not of the same length, we observe that φ(C) consists of those partitions that have k (k ≥ 1) parts of
length n under its Durfee square n×n. The conjugate of the right-hand of the Durfee square is µ′. Then
in µ′, the number of parts of length n cannot be k − 1.

It should be pointed out that φ is not a bijection. In fact, there are situations that two different
concave compositions will be mapped to one same partition. For example, let C1 = 2 > 1 = 1 < 2,
C2 = 2 > 1 > 0 = 0 < 1 < 2. Then we can see that φ1(C1) = φ1(C2) = (2, 2, 2), as Figure 2 shows.

2 > 1 = 1 < 2 ��1
2 > 1 > 0 = 0 < 1 < 2 PPq

Figure 2: Two maps to one

The images of those concave partitions have the feature as follows. If their Durfee square is n × n,
and they have under the Durfee square exactly k (k ≥ 1) parts of length n. At the same time, let µ be
the partition in the right-hand side of the Durfee square. Then its conjugate µ′ contains exactly k − 1
parts of length n. We illustrate this in Figure 3, where we set n = 5, k = 3.

- k parts of length n

6

k − 1 parts of length n

Figure 3: A partition in the image of φ
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On the other hand, we observe that partitions that are not in the image of φ consist of those that
there are no parts of n under the Durfee square n × n while there are more than one parts of length n
in the conjugate of the partition in the right-hand side of the Durfee square. We denote the set of such
partitions that sum to n byMiss(n).

Step 2. Interpret the term 2
∑∞

n=1
qn2

(q)n(q)n−1(1−q2n) according to partitions.

In this step, we will give two different partition interpretations for the term
∑∞

n=1
qn2

(q)n(q)n−1(1−q2n) .

Then, they together lead to an interpretation for the term 2
∑∞

n=1
qn2

(q)n(q)n−1(1−q2n) that appears in formula
(1.2).

First we can see that the term
∑∞

n=1
qn2

(q)n(q)n−1(1−q2n) is the generating function of partitions such
that the number of parts of length n in the partition under the Durfee square is not less than the number
of parts of length n in the conjugate of the partition to the right of the Durfee square.

By taking conjugate, we see that the above term is also the generating function of partitions such that
the number of parts of length n in the partition under the Durfee square is not more than the number of
parts of length n in the conjugate of the partition to the right of the Durfee square.

Combining the above, it is known that 2
∑∞

n=1
qn2

(q)n(q)n−1(1−q2n) counts all partitions, where we should
note that the partitions with the property that the partitions under or to the right of the Durfee square
have the same number of parts equal to n have been doubly counted.
Step 3. The coefficient of qN in the left-hand side of (1.2).

Define a bijection γ, which removes all the parts of length n under the Durfee square and attachs
them to the right-hand of the Durfee square, as the following figure describes.

-

Figure 4: The map φ2

It is not hard to see that γ maps the above two doubled counted cases bijectively to the partitions
with the Durfee square n×n where there are no parts of length n under the Durfee square and there are
at least one part of length n in the conjugation of the right-hand side of the Durfee square.

We now come back to Step 1, and observe that, Miss(n), the partitions that are not in the image of
φ summing to n, are exactly those in the image of γ, thus the conclusion. 2

We continue with the proof of identity (1.3). From Step 2 in our proof of (1.2), we can easily see the
following relation:

2
∞∑

n=1

qn2

(q)n(q)n−1(1− q2n)
=

∞∑
n=1

qn2

(q)n−1(q)n−1(1− q2n)
+

1
(q)∞

.

4



Then the proof of (1.3) is transformed to prove the following identity:

∞∑
n=1

qn2

(q)2n−1(1− q2n)
=

∞∑
n=1

qn(3n−1)/2(1− qn)
(q)∞

. (2.1)

By multiplying (q)∞ in both sides of the above identity (2.1) , we can reformulate it as follows

∞∑
n=1

qn2
(qn+1)∞

(q)n−1(1 + qn)
=

∞∑
n=1

qn(3n−1)/2(1− qn). (2.2)

To search a combinatorial proof, we apply the following lemma.

Lemma 2.1
∞∑

n=1

qn(3n−1)/2(1− qn) =
∞∑

n=0

(−1)n−1q
n(n+1)

2

(1 + q) · · · (1 + qn)
. (2.3)

Proof. Let Dn denote the set of partitions of n with distinct parts. Denote by Po(Dn) (resp. Pe(Dn))
the number of partitions contained in Dn whose largest part is odd (resp. even). The following identity
is due to Fine [5] which can be reached by the well-known Franklin’s involution:

∞∑
n=1

qn(3n−1)/2(1− qn) =
∞∑

n=1

(Po(Dn)− Pe(Dn))qn. (2.4)

Now, to conclude (2.3), it suffices to prove that

∞∑
n=1

(Po(Dn)− Pe(Dn))qn =
∞∑

n=0

(−1)n−1q
n(n+1)

2

(1 + q) · · · (1 + qn)
. (2.5)

Identity (2.5) can be shown as follows. Given a partition λ with n distinct parts, we split the partition
into a Sylvester’s triangle ρn = (n, n− 1, · · · , 1) and a partition µ. The conjugate of µ is a partition, µ∗,
with the largest part at most n and with the number of parts r. Note that λ1, the first part of λ, has its
length n + r. So in the left-hand side of (2.5), the above λ is actually signed with (−1)n−1+r.

The right-hand side of (2.5), at the same time, is the generating function of a pair of partitions
(ρn, µ∗), where ρn is Sylvester’s triangle, the largest part in µ∗ is no more than n and µ∗ is with r parts.
Each term is signed with (−1)n−1+r, thus the conclusion. The following figure illustrates this explicitly.2

the partition λ = (13, 10, 9, 4, 3, 2, 1)

-

the partition µ = (6, 4, 4) with ρ7

By (2.2) and (2.3), our proof for (1.3) is transformed eventually to the proof of identity (1.4) as
mentioned in introduction. In the rest of this section, we will complete the proof of (1.4) by an involution.
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Proof of (1.4).

We will finish the proof in two steps. In the first step, we interpret the left-hand side of (1.4)
combinatorially. In the second step, we will introduce an involution α.
Step 1.

First, the terms qn2
, 1

(q)n−1
, 1

1+qn and (qn+1)∞ appearing in the left-hand side of (1.4) can be inter-
preted by q-counting respectively the following partitions:

1. an n× n square.

2. partitions with the largest part of length at most n− 1.

3. partitions with all parts equal to n, each part signed with −1.

4. partitions with distinct parts and the least part is larger than n, each part signed with −1.

Then we can translate the above four terms into another structure. Let λ be a partition which can
have an empty part. Define the set of partitions into distinct parts with an empty part allowed as D′.
Naturally, D′n would denote the set of such partitions that sum to n.

We first split the n×n squares to a Sylvester’s triangle ρn = (n, n− 1, · · · , 1) and another Sylvester’s
triangle ρn−1 = (n − 1, n − 2, · · · , 1). Then we attach together the following three objects: the k parts
of length n, ρn−1 and the partition with the largest part of length at most n − 1, thus forming a new
partition λ∗.

Now we observe its conjugate and denote it as λ. It is a partition with distinct parts, k the length of
the least part. Obviously, k = 0 is allowed, so the new partition formed can have an empty part. That
is, λ ∈ D′.

Then we attach the Sylvester’s triangle ρn under the partition with ` parts, the least length of parts
larger than n. This is clearly a partition with distinct parts. We divide it into a partition µ and a
Sylvester’s triangle ρn+` in the obvious way. We see that µ has not more than ` parts.

Remember that to this end, (λ, µ, ρn+`) is signed with (−1)k+`.
See figure 5 for an example. The graph in the left is the partition (13, 10, 9, 4, 4, 4, 4, 4, 4, 3, 3, 1, 1),

while the graph in the right is λ = (9, 6, 5, 2), µ = (6, 4, 4) and ρ4+3.
So, the left-hand side of (1.4) can be regarded as a triples (λ, µ, ρn+`) is signed with (−1)k+`, satisfying

the following properties.
1. λ has n parts. It may contain an empty part. The least part is with length k.
2. µ is a partition with not more than ` parts.
3. ρn+` is a Sylvester’s triangle (n + `, n + `− 1, · · · , 1).

Step 2.
Define an involution α as follows. Given (λ, µ, ρk+`) as above with those three properties and sign

(−1)k+`. Compare λ1 the least part of λ and µ1 the largest part of µ.
If λ1 ≥ µ1, then we move the first part of λ and attach it to µ, making it µ′. What left there is then

λ′. Since µ′ has no more than ` + 1 parts, yet the smallest part of λ doesn’t change, the sign changes
with −1.

On the other hand, if λ1 < µ1, then we move the first part of µ and attach it to λ, making it λ′.
What left there is then µ′ and µ′ has no more than `− 1 parts, yet the smallest part of λ doesn’t change,
the sign changes also in this situation.

In the above figure, observe the left part, we have that λ = (9, 6, 5, 2), µ = (6, 4, 4), k = 2, n = 4, ` = 3.
It is signed with (−1)5 = −1. On the right, λ′ = (6, 5, 2), µ′ = (9, 6, 4, 4), k = 2, n = 3, ` = 4. It is signed
with (−1)6 = 1.
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-

the partition λ = (9, 6, 5, 2)

the partition µ = (6, 4, 4) with ρ4+3

Figure 5: Representation of left-hand side of (1.4)

The fixed points of this involution are the triples (λ, µ, ρn+`) where n = 1, λ has only one part, with
length k ≥ µ1; µ is a partition with no more than ` parts. We move this k squares and attach it to
µ, getting a partition µ′ with not more than ` + 1 parts, which is signed with (−1)k+`, k the length of
largest part of µ′, ` + 1 the subscript of the Sylvester Triangle. We interpret it combinatorially as:

∞∑

`=0

(−1)`q
(`+1)(`+2)

2

(1 + q) · · · (1 + q`+1)
.

which can be rewritten easily as the right-hand side of 1.4. 2

Remark 3.4. For the triple (λ, µ, ρn+`), sometimes the number of partitions of µ is strictly less than
`. This situation makes no exception of our arguments. In fact, (λ′, µ′, ρ(n±1)+(`∓1)) = α((λ, µ, ρn+`)),
where ` changes by ±1.

3 Combinatorial proof of Theorem 1.2

This section is devoted to a combinatorial proof for Theorem 1.2. The proof relies on an involution α′,
which is similar with the one as given in the proof of (1.4) in Section 2.

First we recall the definition of Frobenius symbol. Frobenius symbol [2] is two rows of decreasing, non-
negative integers of equal length. Using Young diagram, Frobenius symbols are actually representations
of partitions. For example, λ = (7, 7, 6, 4, 4, 2, 2) as a partition of 32 has the following Young diagram
representation. One counts the number of squares in the 4 rows to the right and up of the diagonal, and
the 4 columns to the left and under of the diagonal, getting the Frobenius symbol as

(
6 5 3 0
6 5 2 1

)
.

In order to prove Theorem 1.2, we first reduce it to proving the following identity:
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the partition λ = (9, 6, 5, 2)

the partition µ = (6, 4, 4) with ρ7

-
the partition λ′ = (6, 5, 2)

the partition µ′ = (9, 6, 4, 4) with ρ7

Figure 6: The involution α

Lemma 3.1 (Andrews [3], Lemma 12)
∞∑

n=0

qn2+n

(q)2n
=

1
(q)∞

∞∑
n=0

(−1)nqn(n+1)/2.

The left-hand side is the generating function of the number of partitions of n whose Frobenius symbol
has no ′0′ on the top row. By observing Figure 7 above, we see that, given a partition λ, suppose its
Frobenius symbol contains a ′0′ on the top row. Observe the Durfee square of the partition. The squares
to the right of the Durfee square forms a partition µ′. It’s conjugate µ doesn’t contain any part of length
n. Conversely, any partition with this property implies that its Frobenius symbol is with a ′0′ on the top
row.

Thus, all the partitions which do not have a ′0′ on the top row can be represented by drawing an
n×(n+1) rectangle firstly, then attaching a partition with the largest part at most n under the rectangle
and then attaching a partition with the largest part at most n to the right of the rectangle.

At the same time, the right-hand side is actually the generating function of partitions of n in which
the smallest number that is not a summand is odd, since:

1
(q)∞

∞∑
n=0

(−1)nqn(n+1)/2 =
1

(q)∞

∞∑
n=0

qn(2n+1)(1− q2n+1) =
∞∑

n=0

q1+2+···+2n

∏∞
j=1

j 6=2n+1
(1− qj)

Proof of Lemma 3.1. By multiplying (q)∞ in both sides of Lemma 3.1, we reduce its proof to that:

∞∑
n=0

qn2+n(qn+1)∞
(q)n

=
∞∑

n=0

(−1)nqn(n+1)/2.

As in step 1 of the proof of (1.4), we can show that every term in the left-hand side represents a triple
(λ, µ, ρn+`) with sign (−1)`, such that:
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Figure 7: Young diagram of the partition (7, 7, 6, 4, 4, 2, 2)

1. λ ∈ D is a partition into exactly n distinct parts.
2. µ ∈ P≤` is a partition with at most ` parts.
3. ρn+` is a Sylvester’s triangle.
As in Step 2 of the proof of (1.4), we define an involution α′ as follows. Compare λ1 the first part

of λ and µ1 the first part of µ. If λ1 ≥ µ1, we remove the first part of λ and attach it to µ. This move
changes the sign since it adds 1 to `. If λ1 < µ1, we remove the first part of µ and attach it to λ. This
removal also changes the sign since it subtracts 1 from `.

All are canceled except those with λ empty partition ∅, where we have n = 0. What have left are
(−1)`ρ`, thus the conclusion. 2
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